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Devwudfw1 Z h suhvhqwd iudp hz r un ir u wkh Lqgxf wlyh I xqf wlr qdoOr j lf
Sur j udp p lqj sdudglj p iur p sr vlwlyhgdwd dqg iur p qr q0xqli r up f odvvhv1
Lwh{ whqgv wkh Ed| hvldq dssur df k lq 4̂; ` wr f r qvlghu f odvvhv lq wkh gh� ql0
wlr q r i k| sr wkhvlv j hqhudolw| / qr z f doohg fodvv xqhyhqqhvv/ z klf k lv xvhg
ir u wkh hydoxdwlr q r i k| sr wkhvhv1Wklv qhz p hdvxuh wdnhv lqwr df f r xqw
kr z wkh glvwulexwlr qv r i f odvvhv r i wkh k| sr wkhvlv dqg wkh wduj hwwkhr u|
duh1 Wkh wduj hwwkhr u| f odvv glvwulexwlr q lv dssur { lp dwhg e| xvlqj wkh
f odvv glvwulexwlr q r i wkh hylghqf h dqg wkh lqlwldoglvwulexwlr q1Dq| sur e0
ohp z lwk gl� huhqwf odvvhv z lwk dq| sur sr uwlr q ehwz hhq 3( dqg 433( f dq
eh dgguhvvhg e| wklv qhz p hdvxuh1 Dv d uhvxow/ qhj dwlyh h{ dp sohv duh
qr or qj hu qhf hvvdu| ir u ohduqlqj Er r ohdq ixqf wlr qv vlqf h wkh| vkr xog eh
f r qvlghuhg dv wkh sr vlwlyh h{ dp sohv z klf k gh� qh d vhf r qg s@,r e f odvv1
I lqdoo| / z h glvf xvv dq lp sohp hqwdwlr q r i vdp soh j hqhudwr uv ir ud j lyhq r u
xqnqr z q sur edelolw| glvwulexwlr q r i whup v1Wkh xvhixoqhvv r i wkh j hqhud0
wr uv lv vkr z q ir u dssur { lp dwlqj wkh ydoxh r i xqhyhqqhvv r i d k| sr wkhvlv1
Nh|zrugv= P df klqh Ohduqlqj / Lqgxf wlyh Or j lf Sur j udp p lqj +LOS, / Lq0
gxf wlyh I xqf wlr qdoOr j lf Sur j udp p lqj +LI OS,/ Fodvvl� f dwlr q Sur eohp v/
K| sr wkhvlv Hydoxdwlr q1

4 Lqwurgxfwlrq

Wkh Lqgxfwlyh Lqihuhqfh iudphzrun lq jhqhudo dqg Lqgxfwlyh Orjlf Surjudpplqj
+LOS, lq sduwlfxodu xvxdoo| ghdo zlwk wkh ohduqlqj ri d wdujhw frqfhsw iurp srv0
lwlyh dqg qhjdwlyh hylghqfh1 Qhyhuwkhohvv/ ohduqlqj iurp rqo| srvlwlyh gdwd lv
ghvludeoh iru vhyhudo dssolfdwlrqv1 Wkhvh dssolfdwlrqv kdyh pdq| srvlwlyh h{dp0
sohv dydlodeoh zkloh ihz ru qr qhjdwlyh h{dpsohv duh jlyhq +vxfk dv wkh dqdo|vlv
ri GQD dqg UQD vhtxhqfhv ^43`/ gdwd plqlqj dssolfdwlrqv/ vriwzduh hqjlqhhu0
lqj/ judppdwlfdo lqihuhqfh ^4:` dqg qdwxudo odqjxdjh/ wr flwh vrph ri wkhp,1
Wkh pdlq gl!fxow| ri lqihuulqj iurp rqo| srvlwlyh h{dpsohv lv wkdw wkh ohduqlqj
phfkdqlvp kdv wr dyrlg ryhujhqhudolvdwlrq1 Wklv lv gxh wr wkh idfw wkdw wkh vlp0
sohvw dqg prvw jhqhudo srvvleoh k|srwkhvlv iru d frqfhsw s/ l1h1 ;[ s+[,/ zloo
dozd|v eh frqvlvwhqw1 Krzhyhu/ lv lw qhlwkhu dq dffhswdeoh k|srwkhvlv lq prvw ri
wkh dssolfdwlrqv ^4:` qru fdq lw eh vshfldolvhg xqohvv qhjdwlyh hylghqfh lv sur0
ylghg1 Jrog ^9` vkrzhg wkdw hyhq wkh fodvv ri uhjxodu odqjxdjhv lv qrw lqihudeoh
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iurp srvlwlyh gdwd/ dqg/ wkxv/ qhlwkhu duh +wkh zkroh fodvv ri, Surorj surjudpv1
D orw ri zrun kdv ehhq grqh wr glvfryhu uhvwulfwhg k|srwkhvlv odqjxdjhv zklfk
duh lqihudeoh lq wklv zd|1 Lq sduwlfxodu/ LOS kdv lghqwl�hg frqvwudlqhg k|srwkhvlv
odqjxdjhv iru zklfk ohduqlqj iurp srvlwlyh gdwd lv srvvleoh +^53`/^4`/ ^47`/^4<`,1
Dqrwkhu dssurdfk nqrzq dv X0ohduqdelolw|/ zklfk lv lqghshqghqw iurp wkh k|0
srwkhvlv uhsuhvhqwdwlrq/ kdv ehhq suhvhqwhg e| Pxjjohwrq lq ^4:/ 4;`1 Lw lv edvhg
rq wkh ghyhorsphqw ri d Ed|hv ixqfwlrq iru pd{lplvlqj srvwhulru suredelolw|1 Xq0
ghu wklv Ed|hv iudphzrun/ d wudgh0r� ehwzhhq vl}h dqg jhqhudolw| ri d k|srwkhvlv
lv gh�qhg zklfk doorzv iru hvwlpdwlqj wkh suredelolw| ri d k|srwkhvlv1

Zh suhvhqw d iudphzrun iru wkh Lqgxfwlyh Ixqfwlrqdo Orjlf Surjudpplqj
+LIOS, sdudgljp ^;/ <` iurp srvlwlyh gdwd dqg iurp qrq0xqlirup fodvvhv iroorzlqj
wklv sursrvdo1 Dv lq LOS/ wkh lqgxfwlrq ri vrph LIOS surjudpv iurp rqo| srvlwlyh
hylghqfh suhvhqwv wkh vdph sureohp ri ryhujhqhudolvdwlrq1 Wkh iroorzlqj h{dpsoh
ghprqvwudwhv wklv idfw1
H{dp soh 41 Frqvlghu wkh iroorzlqj hylghqfh h4 � h43=

H @
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h4 = h+7, @ wuxh> h5 = h+45, @ wuxh>
h6 = h+6, @ i dovh> h7 = h+5, @ wuxh>
h8 = h+:, @ i dovh> h9 = h+:, @ i dovh>
h: = h+53, @ wuxh> h; = h+3, @ wuxh>
h< = h+6, @ wuxh> h43 = h+5, @ i dovh
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zkhuh qdwxudo qxpehuv duh uhsuhvhqwhg e| xvlqj wkh ixqfwru v dv wkh v|pero iru
vxffhvru/ h1j1 v+v+v+3,,, phdqv 61

Li rqo| srvlwlyh h{dpsohv duh jlyhq/ wkh prvw jhqhudo wkhru| h+[ , @ wuxh
zrxog eh rswlpdo dqg zrxog fryhu wkh hylghqfh1 Dv kdv ehhq vkrzq iru LOS/ wklv
sureohp fdq eh dyrlghg e| zhljklqj wkh jhqhudolw| ri wkh surjudp1 Qhyhuwkhohvv/
lw lv lpsruwdqw wr qrwh wkdw wklv sureohp rqo| rffxuv lq iru Errohdq sureohpv1
Frqvlghu wkh fdvh ri ohduqlqj wkh ixqfwlrq ri dgglwlrq +vxp @5,1 Lq wklv fdvh/
qr qhjdwlyh hylghqfh lv vwulfwo| uhtxluhg/ vlqfh surjudpv pxvw eh frq xhqw dqg
whuplqdwlqj1 vxp +[ >\ , @ ] +wkh prvw jhqhudo surjudp, lv qrw frq xhqw qru
whuplqdwlqj1

Lq ixqfwlrqdo surjudpplqj ^5` +dqg lq ixqfwlrqdo orjlf surjudpplqj/ IOS
^:`,/ wkh hydoxdwlrq ri d ixqfwlrqdo whup z1u1w1 d surjudp S lv wkh frpsxwdwlrq
ri lwv qrupdo irup4 1 Wkh vhw ri doo srvvleoh gl�huhqw qrupdo irupv uhsuhvhqwv
wkh phdqlqj ri wkh surjudp1 Lq idfw/ wkh DGW gh�qhg e| wkh wkhru| S frqvlvwv
ri qrupdo irupv1 Pruhryhu/ iurp wklv dojheudlf vhpdqwlf srlqw ri ylhz/ wkh|
uhsuhvhqw wkh hohphqwv ru frqjuxhqfh fodvvhv ri wkh lqlwldo dojheud W+	 ,@� S

^7`1 Iru wklv uhdvrq/ zh zloo uhihu wr wkhp dv fodvvhv wkurxjkrxw wkh sdshu1 Wklv
vlwxdwlrq lv gl�huhqw iurp wkdw lq LOS vlqfh wkh phdqlqj ri d orjlf surjudp lv wkh
vhw ri jurxqg dwrpv wkdw duh suryhq wuxh/ l1h1 wkdw ehorqj wr lwv Khueudqg plqlpdo
prgho1 Khqfh/ xvlqj wkh qrwdwlrq ri ixqfwlrqdo surjudpplqj/ zh fdq vd| wkdw
wuxh lv wkh xqltxh fodvv gh�qhg e| d orjlf surjudp1 Lq wklv sdshu/ zh h{whqg wkh
Ed|hvldq dssurdfk lq ^4;` lq rughu wr wdnh fodvvhv lqwr frqvlghudwlrq zlwklq wkh
4 Wkh qrupdo irup ri d whup lv xqltxh li wkh surjudp lv frq xhqw dqg whuplqdwlqj1
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gh�qlwlrq ri wkh jhqhudolw| ri d k|srwkhvlv1 Iru wkh ohduqlqj ri Errohdq ixqfwlrqv/
li zh zrun zlwk pruh wkdq rqh fodvv/ qhjdwlyh h{dpsohv duh qr orqjhu qhfhvvdu|
vlqfh wkh| vkrxog eh frqvlghuhg dv wkh srvlwlyh h{dpsohv zklfk gh�qh wkh i dovh
fodvv1 Iurp wklv srlqw ri ylhz/ ohduqlqj d frqfhsw iurp srvlwlyh h{dpsohv lq LOS
fdq eh vhhq dv wkh sureohp ri ohduqlqj d sduwldoo| gh� qhg f r qf hsw+vlqf h wkh
hylghqf h r qo| f r qwdlqv h{ dp sohv ir u wkh wuxh f odvv,1Ohduqlqj wkh vdp h Er r ohdq
wduj hwf r qf hswlq LI OS f dq eh vhhq dv wkh sur eohp r i ohduqlqj d wrwdoo| gh� qhg
f r qf hswli sr vlwlyh hylghqf h dovr f r qwdlqv h{ dp sohv ir u wkh i dovh f odvv/ dv z h
z loovkrz lq wklv sdshu1Wklv p dnhv wkh sur eohp p r uh j hqhudo1Qrz / lwlv qr wd
t xhvwlr q r i sr vlwlyh0r qo| dqg sr vlwlyh dqg qhj dwlyh h{ dp sohv/ exwr q z kdwwkh
glvwulexwlr q r i f odvvhv lv1Z h z dqwd p hdvxuh wkdwf r qvlghuv dq| f dvh ehwz hhq
3( dqg 433( ir u hyhu| f odvv1Li qr f r uuhf wlr q lv p dgh/ ir u d j hqhudo sur eohp
+qr wqhf hvvdulo| Er r ohdq, / h{ dp sohv ir u doof odvvhv p xvwdsshdu lq wkh hylghqf h1
Krz hyhu/ lq wkh f dvh r i ohduqlqj iur p vsduvh dqg qr q0xqlir up hylghqf h/ d j r r g
lghd f r xog eh wr suhvhuyh wkh sur sr uwlr q r i h{ dp sohv r i hdf k nlqg df f r uglqj wr
d sulr u sur edelolw| glvwulexwlr q li dq dght xdwh hylghqf h lv j hqhudwhg1

Rq wkh r wkhu kdqg/ r xu dssur dfk lv dovr xvhixoir u f odvvl� f dwlr q sur eohp v lq
wkh f dvh r i p r uh wkdq wz r f odvvhv51I luvwo| / wkhvh sur eohp v f dq eh ehwwhu dqg
p r uh qdwxudoo| ir up xodwhg dv ixqf wlr qdosur j udp v z klf k gh� qh vhyhudof odvvhv1
Vhf r qgo| / wkhsur j udp vwkdwvr oyhsur eohp v r i wklvnlqg duhvxlwdeohwr ehohduqhg
iur p r qo| sr vlwlyhh{ dp sohv gxh wr wkh idf wwkdwqhj dwlyhhylghqf h gr hv qr wvhhp
wr df wxdoo| eh qhf f hvvdu| / dv z h z loovkrz lq Vhf wlr q 91Ri f r xuvh/ z khq wkhuh
duh qr h{ dp sohv lq wkh hylghqf h ir u r qh f odvv/ wkh ohduqlqj wdvn f dqqr weh p dgh
iur p r qo| sr vlwlyh gdwd hyhq li d f r uuhf wlr q lv qr wlqf oxghg1Wklv f r uuhf wlr q lv d
j hqhudolvdwlr q ir u p r uh wkdq r qh f odvv r i wkh P xj j ohwr q j hqhudolvdwlr q ghj uhh/
qrz f doohg fodvv xqhyhqqhvv1Rqf h lwv wkhr uhwlf dosur shuwlhv duhvkrz q/ wklv ydoxh
p xvweh dssur { lp dwhg e| wkh xvh r i dq hylghqf h j hqhudwr u1Wklv j hqhudwr u dovr
doorz v wkh sudf wlf do dssolf dwlr q r i wkh qhz hydoxdwlr q p hdvxuh lq wkh v| vwhp
I OLS6 8̂`1

Wkhsdshulv r uj dqlvhg dv ir oorz v1Vhf wlr q 5 lqf oxghv j hqhudoqr wdwlr q dqg whu0
p lqr or j | 1Lq Vhf wlr q 6/ z huhylhz wkh Ed| hvldq ir up xodwlr q r i 4̂; `1Rxudssur df k
ir u hydoxdwlqj wkh xqhyhqqhvv r i d k| sr wkhvlv lq LI OS lv gh� qhg lq Vhf wlr q 71
Dovr / lq Vhf wlr q 8/ z h vkr z wkdwEr r ohdq sur eohp v duhwudqvihudeohwr wz r f odvvhv
lq wklv iudp hz r un1Fodvvl� f dwlr q sur eohp v r i p r uh wkdq wz r f odvvhv duh dqdo| vhg
lq Vhf wlr q 91Lq Vhf wlr q : / z h glvf xvv dq lp sohp hqwdwlr q gh� qlqj d j hqhudwr u r i
vdp sohv j lyhq d f huwdlq sur edelolw| glvwulexwlr q r i whup v z klf k lv xvhg ir u ds0
sur { lp dwlqj wkh ydoxh r i xqhyhqqhvv r i d k| sr wkhvlv1Vr p h h{ shulp hqwdouhvxowv
duh dovr j lyhq1I lqdoo| / Vhf wlr q ; f r qf oxghv wkh sdshu1

5 Fodvvl� f dwlr q sur eohp v z klf k gh� qh wz r f odvvhv f dq eh f r qvlghuhg dv Er r ohdq sur e0
ohp v1

6 Wkh I OLS v| vwhp lv d ohduqhu r i ixqf wlr qdoor j lf sur j udp v z klf k lv edvhg r q qduur z 0
lqj +wkh ehvwnqr z q r shudwlr qdovhp dqwlf i r u I OS,1
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5 Suholplqdulhv

OhwY eh d f r xqwdeo| lq� qlwh vhwr i yduldeohv dqg ohw	 eh d vhwr i ixqfwlrq
v|perov +r u ixqf wr uv, wr j hwkhu z lwk wkhlu dulw| / z khuh i @q ghqr whv wkh ixqf wlr q
v| p er oi r i dulw| q1Wkhq W +	 >Y, ghqr whv wkh vhwr i whupv exlowiur p 	 dqg
Y/ dqg W +	 , ghqr whv wkh vhwr i jurxqg whupv exlowiur p 	 1Z h f r qvlghu wkdw
wkh vlj qdwxuh 	 lv sduwlwlr qhg dv 	 @ FXI / z khuh F lv wkh vhwr i luuhgxf leoh
v| p er ov dqg I lv wkh vhwr i gh� qhg ixqf wlr q v| p er ov1Wkh ohqj wk r i d whup w/
o+w, / lv gh� qhg dv

o+w, @
�

4 li w lv d f r qvwdqwr u d yduldeoh
4 .

Sq
l@4 wl li w lv r i wkh ir up i+w4> = = = > wq,

�

Dq ht xdwlr q lv dq h{ suhvvlr q r i wkh ir up o @ u z khuh o dqg u duh whup v1 o
lv f doohg wkh ohiwkdqg vlgh +okv, r i wkh ht xdwlr q dqg u lv wkh ulj kwkdqg vlgh
+ukv,1E| fdug+D, z h ghqr wh wkh f duglqdolw| r i d vhwD1J lyhq d vhwr i ht xdwlr qv
D dqg j lyhq d f odvv f/ wkh f duglqdolw| r i D r yhu f lv gh� qhg dv fdugf+D, @
fdug+io @f 5 Dj,1Dq ht xdwlr qdowkhr u| H +z klf k z h f doosurjudp, lv d � qlwh
vhwr i ht xdwlr qdof odxvhv r i wkh ir up o @u + h4> = = = > hq= z lwk q � 3 z khuh hl
lv dq ht xdwlr q/ 4 � l � q1Wkh wkhr u| +dqg wkh f odxvhv, duh f doohg frqglwlrqdo
li q A 3 dqg xqfrqglwlrqdo li q @31Dq ht xdwlr qdowkhr u| f dq dovr eh ylhz hg
dv d +Fr qglwlr qdo, Whup Uhz ulwlqj V| vwhp +FWUV, vlqf h wkh ht xdwlr q lq wkh
khdg lv lp solf lwho| r ulhqwhg iur p ohiwwr ulj kwdqg wkh olwhudov hl lq wkh er g|
duh r uglqdu| qr q0r ulhqwhg ht xdwlr qv1J lyhq d +F,WUV U/ w $U v lv d uhz ulwh
vwhs li wkhuh h{ lvwv dq r f xuuhqf h x r i w/ d uxoh o @ u 5 U dqg d vxevwlwxwlr q
� z lwk wmx @ �+o, dqg v @ w �̂+u, `x1 D whup w lv vdlg wr eh lq qrupdo irup
z 1u1w1U li wkhuh lv qr whup w3 z lwk w $U w31U lv vdlg wr eh fdqrqlfdo li wkh
elqdu| r qh0vwhs uhz ulwlqj uhodwlr q $U lv whup lqdwlqj +wkhuh lv qr lq� qlwh fkdlq
v4 $U v5 $U v6 $U = = =, dqg f r q xhqw+; v4> v5> v6 5 W +	>[ , vxf k wkdw
v4 $�

U v5 dqg v4 $�
U v6>< v 5 W +	>[ , vxfk wkdwv5 $�

U v dqg v6 $�
U v,1

Qduurz lqj lv d vr xqg dqg f r p sohwhp hwkr g ir uvr oylqj ht xdwlr qv z 1u1w1f dqr qlf do
sur j udp v1 J lyhq d sur j udp S / d whup w qduurzv lqwr d whup w3 +lq v| p er ov

w x>o@u>�/$ S w37, l� x 5 �R+w,/ o @ u lv d qhz yduldqw ri d uxoh iurp S / � @ pjx+wmx> o,dqg w3 @ �+w^u`x,1 Zh zulwh w/$qS w3 li w qduurzv lqwr w3 lq q qduurzlqj vwhsv1
Wkh Lqgxfwlyh Ixqfwlrqdo Orjlf Surjudpplqj/ LIOS/ kdv ehhq gh�qhg dv

wkh ixqfwlrqdo h{whqvlrq wr LOS ^48`1 Wkh jrdo lv wkh lqihuhqfh ri d ixqfwlrqdo
orjlf surjudp S iurp d vhw ri srvlwlyh dqg rswlrqdoo| qhjdwlyh htxdwlrqv H
xvlqj d edfnjurxqg nqrzohgjh wkhru| E +dqrwkhu ixqfwlrqdo orjlf surjudp,1
Wkh hylghqfh lv frpsrvhg ri srvlwlyh H. dqg qhjdwlyh H� htxdwlrqv vxfk wkdw
wkhlu okv duh jurxqg whupv ri wkh irup i+w4> = = = > wq, zkhuh i 5 I dqg wl 5 W +F,
dqg wkhlu ukv duh qrupdol}hg z1u1w1 wkh edfnjurxqg wkhru| E dqg wkh wkhru| S
zklfk lv phdqw wr eh glvfryhuhg +k|srwkhvlv,/ zlwk E ^ S ehlqj fdqrqlfdo1
7 Ru vlpso| | ,' ocw�< � |� ru | w�<� |� li wkh rffxuuhqfh ru wkh uxoh lv fohdu iurp wkh frqwh{w1
Dovr/ wkh vxevfulsw � zloo xvxdoo| eh gursshg zkhq fohdu iurp wkh frqwh{w1
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Zh xvh wkh iroorzlqj qrwdwlrq wr ghqrwh d yhfwru�$y ri q frpsrqhqwv= ŷl l̀@4==q1Jlyhq d yhfwru �$y / lwv qr up dolvdwlr q lv
�$y qrup @

4Sq
l@4 yl �

�$y

Reylrxvo|/ diwhu qrupdolvdwlrq/ Sq
l@4 yl @41 Wzr yhfwruv �$y dqg �$z ri q frp0

srqhqwv irup dq dqjoh ehwzhhq wkhp/ �̂$y �$z / zklfk lv gh�qhg dv
�̂$y �$z @duf f r v+

�$y � �$z
m�$y mm�$z m ,

zkhuh � ghqrwhv wkh vfdodu surgxfw/ wkdw lv �$y ��$z @y4z4 . = = = . yqzq/ dqg m�$d m
ghqrwhv sd54 . = = = . d5q1 Zlwk �$y @�$z zh ghqrwh +y4@z4> y5@z5> = = = > yq@zq, 1

6 Wkh Ed|hvldq iudphzrun

Iroorzlqj wkh X0ohduqdelolw| iudphzrun gh�qhg lq ^49`/ P xj j ohwr q 4̂; ` ghulyhg d
Ed| hv* ixqf wlr q ir up d{ lp lvlqj sr vwhulr usur edelolw| r i k| sr wkhvhvz khq ohduqlqj
iur p sr vlwlyh gdwd1Z h eulh | uhylhz wkdwir up xodwlr q lq wklv Vhf wlr q1

[ lv wdnhq wr eh d f r xqwdeoh f odvv r i lqvwdqf hv dqg K � 5[ wr eh d f r xqwdeoh
f odvv r i f r qf hswv1OhwG[ dqg GK eh sur edelolw| glvwulexwlr qv ryhu [ dqg K
uhvshf wlyho| 1I r uK 5 K/ G[+K, lv gh� qhg dv 	{5KG[+{,1Vl}h dqg j hqhudolw|
r i d k| sr wkhvlv K duh gh� qhg dv ir oorz v=

v}+K, @ 0oq GK+K, +4,
j+K, @ G[+K, +5,

z khuh ir up xod +4, lv mxvwl� hg e| Rf f dp *v Ud}r u 4̂5`1Wkh Ed| hv wkhr uhp doorz v
xv wr uhodwh vl}h dqg j hqhudolw| 1Ohws+K m H, eh lqwhusuhwhg dv wkh sur edelolw|
wkdwwkhk| sr wkhvlv fkr vhq e| wkh ohduqhu/ K/ z r xog eh wkh wduj hwwkhr u| W j lyhq
wkh h{ dp soh vht xhqf hH1Khqf h/

s+K m H, @ GK+K,
� 4
G[+K,

�p
fp +6,

oq s+K m H, @p oq
� 4
j+K,

�
� v}+K, . gp +7,

z khuh gp @ oq fp z lwk fp ehlqj d qr up dolvlqj f r qvwdqw1I r up xod +7, vkr z v wkdw
wkh sur edelolw| wkdwd k| sr wkhvlv K z r xog eh wkh wduj hwwkhr u| ghf uhdvhv z khq
hlwkhu lwv vl}h dqg j hqhudolw| lqf uhdvh1

Dv z h kdyh douhdg| p hqwlr qhg lq Vhf wlr q 4/ lq wkh der yh udwlr qdoh lwlv dv0
vxp hg wkdwdoowkh hylghqf h gh� qhv r qh ydoxh r u f odvv=wkh wuxh ydoxh1

Lq z kdwir oorz v/ z h h{ whqg wklv ir up xodwlr q wr wdnh f odvvhv lqwr f r qvlghud0
wlr q1Lq r xu sur sr vdoir u LI OS/ [ lv wkh vhwW +I > F, z khuhdv wkh hylghqf h H lv
f r p sr vhg e| ht xdwlr qv r i wkh ir up o @ u vxfk wkdwo 5 [ dqg u lghqwl� hv d f odvv1

8



7 D Iudphzrun iru wkh Hydoxdwlrq ri K|srwkhvhv lq LIOS

Lq wklv vhf wlr q/ z h gh� qh r xup hwkr g ir uwkh hydoxdwlr q r i k| sr wkhvhv1Wkh edvlf
lghd lv wr gh� qh wkh j hqhudolw| r i d k| sr wkhvlv +wkh deryh ir up xod +5,, z 1u1w1doo
wkh f odvvhv gh� qhg e| wkh wduj hwwkhr u| +l1h1e| wkh sur eohp , dqg wkh uhodwlr q
ehwz hhq d sur edelolw| glvwulexwlr q ryhuK dqg W1

Lq z kdwir oorz v/ wkh +sr vvleo| lq� qlwh, f r oohf wlr q r i f odvvhv F ghwhup lqhg e|
d wduj hwsur j udp W lv gh� qhg dv F @ Vq

l@4 fl/ z khuh fl ghqr whv hdfk r qh r i
wkh q f odvvhv1Dovr / [fl ghqr whv wkh lqvwdqf hv r i [ z klf k ehor qj wr wkh fl f odvv
df f r uglqj wr W1Qr wh wkdw[ f dq eh lq� qlwh1Z khq lwlv wkh f dvh/ z h z loodvvxp h
wkdw[ lvdssur { lp dwhg e| d � qlwhvxevhwz klf k lvoduj hhqr xj k wr ehp hdqlqj ixo1
Lq Vhf wlr q : z h z loolqwur gxf h d sur f hgxuh wr j hqhudwh � qlwh dssur { lp dwlr qv wr
er wk [ dqg F1

Wkh ir oor z lqj gh� qlwlr q vkr z v wkdwwkh sur edelolw| glvwulexwlr q ryhu d f r o0
ohf wlr q F r i q f odvvhv df f r uglqj wr d k| sr wkhvlvK lv d yhf wr uvxf k wkdwhdfk r qh
r i lwv f r p sr qhqwv uhsuhvhqwv wkh sur edelolw| r i hdfk f odvv lq K1

Gh� qlwlr q 41 Jlyhq d k|srwkhvlv K dqg jlyhq d froohfwlrq ri fodvvhv F/ wkh
suredelolw| glvwulexwlrq ryhu F iru K/ �$GF+K, / lv=

�$GF+K, @
� fdug+[fl+K, ,
fdug+[F+K, ,

�

l@4==q
zkhuh

[fl+K, @i{ 5 [ m K m@{ @flj dqg [F+K, @
[

l@4==q
[fl+K,

H{dpsoh 51 Iru lqvwdqfh/ li K gh�qhv wkh ixqfwlrq prg6@4 +zklfk frpsxwhv
wuxh li lwv dujxphqw lv glylvleoh e| 6 dqg idovh rwkhuzlvh,/ wkhq �$GF+K, @+46 > 56 , 1

Gh�qlwlrq 51 Jlyhq d k|srwkhvlv K/ wkh suredelolw| glvwulexwlrq ri K z1u1w1 [
dqg F/ ���$GF>[+K, lv=

���$GF>[+K, @

5

9
7

[

{ 5 [fl+K,

G[+{,

6

:
8

l@4==q
H{dpsoh 61 Frqvlghu djdlq wkh wdujhw wkhru| W @prg6 dqg vxssrvh wkdw wkh
whupv iurp [ iroorz wkh glvwulexwlrq G[+{, @5�o+{,/ wkhq=

� � � $GF>[+W , @

5
999999997

[
� ' f��?

6J_�Er�Ef�� 'A
|o�e

5�o+vl+3,, > [
� ' f��?

6J_�Er�Ef�� 'A
s@,re

5�o+vl+3,,

6
::::::::8

* ^3=9> 3=7`

z khuh vl+3, ghqr whv wkh qdwxudoqxp ehu l1
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Rxu dlp lv wr hvwlp dwh z khwkhud k| sr wkhvlvK lv f or vh r u hyhq wr wkh wduj hw
wkhr u| W1Wkh j r r gqhvv r i K f dq eh r ewdlqhg e| dqdo| vlqj z kdwwkh sur edelolw|
r i hdf k f odvv r i F lq K lv dqg z kdwwkh sur edelolw| lq W lv1Vlqf h wkhvh sur ed0
elolwlhv duh f r p sr qhqwv r i wz r yhf wr uv/ z h f dq f r p sduh K z lwk W e| p hdqv r i
wkh dqj oh wkdwlwv f r uuhvsr qglqj yhf wr uv ir up lq wkh vsdf h1Lq d f huwdlq z d| / wklv
dqj oh lv d p hdvxuh r i wkh f or vhqhvv r i � $GF+W , z lwk � $GF+K,81Wklv gl� huhqf h lv
f doohg xqhyhqqhvv dqg lv gh�qhg dv iroorzv=
Gh�qlwlrq 61 Fodvv Xqhyhqqhvv
Jlyhq d k|srwkhvlv K dqg d froohfwlrq F ri q fodvvhv/ wkh fodvv xqhyhqqhvv ri
K lv

x+K, @ wdq�
4 . wdq� � [

l@4==q

+GF +K,,l

zkhuh � uhsuhvhqwv wkh dqjoh _3<(� +K,3<(� +W ,1
Wkh deryh gh�qlwlrq vkrzv wkdw wkh vpdoohu wkh dqjoh lv/ wkh ehwwhu wkh

k|srwkhvlv lv ehfdxvh xqhyhqqhvv lv orzhu1
H{dpsoh 71 Frqvlghu K4 @ pr g5 dqg K 5 @ p r g61 Zh kdyh GF+K 4, @ ^3=8>3=8`
dqg GF+K 5, * ^3=66>3=9:`1 Frqvlghu d Wvxfk wkdw GF+W, @ � 4

6>56
� 1 Frpsdulqj

wkh wzr k|srwkhvhv zlwk W=
� 4 @ duffrv+ 3=8

3=85:3, @ 3=654: � 5 @ 3
x+K 4, @ 3=6665 x+K 5, @ 3

Dv zh frxog h{shfw/ wkh fruuhfw k|srwkhvlv rewdlqv d 3 udg dqjoh1
Dowkrxjk iurp d wkhruhwlfdo srlqw ri ylhz/ wkh suredelolw| glvwulexwlrq ryhu d

froohfwlrq ri fodvvhv kdv ehhq gh�qhg frqvlghulqj wkh vhw ri whupv [ / lq sudfwlfh/
wkh ohduqlqj wdvn lv grqh iurp d sduwldo hylghqfh H1 Wklv dovr phdqv wkdw zh
pxvw wdnh lqwr frqvlghudwlrq wkdw H fdq frqwdlq rqh h{dpsoh o@ u pruh wkdq
rqfh vlqfh wklv hylghqfh lv jhqhudwhg dffruglqj wr wkh suredelolw| glvwulexwlrq
G[+o,1 Qrwh wkdw/ rq wkh frqwudu|/ [ grhv qrw frqwdlq dq| whup wzlfh1
Gh�qlwlrq 71 Wkh suredelolw| glvwulexwlrq ixqfwlrq ryhu dq hylghqfh H/ �$GH/
fdq eh frpsxwhg dv=

�$GH @
5

9
7
[

{ 5 H

f dugf l+H,
f dug+H,

6
:8

l@4==q

8 Wklv kdv xvxdoo| ehhq grqh e| d vwdwlvwlfdo �2 whvw1 Wklv whvw fdqqrw eh xvhg khuh/
ehfdxvh/ iru lw wr eh xvhixo/ wkh devroxwh iuhtxhqf| ri hdfk fodvv pxvw eh D D dqg
wkh lqlwldo glvwulexwlrq pxvw eh forvhu wr wkh xqlirup glvwulexwlrq1 Wkhuh duh rwkhu
phwkrgv wr hvwlpdwh wkh glvfuhsdqf| vxfk dv vrph fruuhfwlrqv ri wkh �2 whvw1 Krzhyhu/
wkhvh fdq rqo| eh dssolhg li doo wkh h{shfwhg iuhtxhqflhv duh juhdwhu wkdq 31 H{dpsoh
9/ iru lqvwdqfh/ vkrzv d fdvh zkhuh wklv whvw fdqqrw eh xvhg1

:



Wkh iroorzlqj uhvxowv vkrz wkdw wkh suredelolw| glvwulexwlrq ryhu fodvvhv z1u1w1
dq hylghqfh H zlwk lq�qlwh h{dpsohv frqyhujhv wr wkh wkhruhwlfdo rqh +zklfk
frqvlghuv [ lqvwhdg ri H,1
Ohppd 41 J lyhq dq hylghqfh H vxf k wkdwokv r i ht xdwlr qv r i H duh j hqhudwhg
ir oor z lqj d glvwulexwlr q G[ / wkhq

olpfdug+H,$4
�$GH @

���$GF>[+W ,

Wkh iroorzlqj uhvxow lv hvwdeolvkhg zkhq ��$G[ lv wkh xqlirup glvwulexwlrq=
Fruroodu| 41 Li

��$G[ lv wkh xqlir up glvwulexwlr q/ wkhq

olpfdug+H,$4
�$GH @

�$GF+W ,

Sur r i1 Wulyldo/ vlqfh li ��$G[ lv wkh xqlirup glvwulexwlrq wkhq
;l 5 i4==qj ;{ 5 [fl+W , =G[+{, @

4

fdug+[F+W , ,

dqg e| Gh�qlwlrq 5
+GF>[+W , , l @

[
{5[fl+W ,

G[+{, @
[

{5[fl+W ,

4

fdug+[F+W , ,
@

@
fdug+[fl+W , ,

fdug+[F+W , ,
@+GF+W , , l

Wkhuhiruh/ wkh fruroodu| krogv e| Ohppd 41 �
H{dpsoh 7 looxvwudwhv krz zh fdq fkrrvh dprqj d vhw ri k|srwkhvhv e| frpsdulqj
wkhp zlwk wkh wdujhw wkhru|1 Krzhyhu/ wklv lv qrw d yhu| uhdo vlwxdwlrq ehfdxvh�$GF+W , lv xvxdoo| qrw nqrzq/ dqg zlwkrxw wklv glvwulexwlrq lw lv lpsrvvleoh wr
nqrz wkh dqjoh ehwzhhq d k|srwkhvlv dqg W 1 Zh vroyh wklv sureohp e| lqwurgxf0
lqj d phwkrg wkdw frpsxwhv dq dssur{lpdwlrq ri �$GF+W , 1 Rxu dssur{lpdwlrq/
zklfk zh ghqrwh dv j�$GF+W , / lv h{suhvvhg e| wkh iroorzlqj gh�qlwlrqv=
Gh�qlwlrq 81 Jlyhq dq hylghqfh H dqg d froohfwlrq ri fodvvhv F/ �$� +H, lv=

�$� +H, @

5
97
[
{ 5 H

G[+okv+{, , � fdug+H,
fdugfl+H,

6
:8
l@4==q

Gh�qlwlrq 91 Wkh glvwulexwlrq �$GF+W , lv dssur{lpdwhg iurp dq hylghqfh H dqg
d glvwulexwlrq G[ e|=

j�$GF+W , @
�$GH�$� +H,

;



H{dpsoh 81 Ohwirr eh d wkhr u| vxf k wkdw=

irr+{, @
� li 4 � { � 66 wkhq 4
li 67 � { � << wkhq 3

wkhq
�$GF+W , @ +46 > 56, 1Dqg f r qvlghu

�$G{ @
�4 � { � 66 $ 3=3536
67 � { � <<$ 3=338

Li z h wdnh dq hylghqf h H4 ir up hg e| 43 h{ dp sohv/ 8 iur p hdf k f odvv/ wkhq z h
kdyh=

��$GH4 @ +3=8> 3=8, �$� +H4, @ +3=399> 4=<6<, j�$GF+W ,qrup @ +3=<9:> 3=366,
Li z h wdnh d vhf r qg hylghqf h/ H5/ exlowlghdoo| iur p G[ / z h z r xog j hw4333
h{ dp sohv z khuh 66 duh iur p wkh � uvwf odvv/ dqg <9: duh iurp wkh vhfrqg fodvv1

� � $GH5 @ +3=366> 3=<9:, �$� +H5, @ +4> 47=998, j� $GF+W ,qrup @ +3=66> 3=9:,
Dv zh vhh/ dv orqj dv wkh hylghqfh lv jhqhudwhg dffruglqj wrG[ dqg W / j� $GF+W ,qrup
lv forvh wr � $GF+W ,1
Wklv odvw h{dpsoh vkrzv krz lpsruwdqw d jrrg hylghqfh lv/ zkhq � $GF+W , lv qrw
jlyhq1 Wkhuhiruh/ wkh dssur{lpdwlrq wr � $GF+W , juhdwo| ghshqgv rq wkh txdolw|
dqg txdqwlw| ri wkh hylghqfh1 Li wkh hylghqfh jrhv wr lq�qlwh/ wkhq erwk wkh
wkhruhwlfdo ydoxh dqg lwv dssur{lpdwlrq djuhh/ dv wkh iroorzlqj wkhruhp vkrzv1
Wkhr uhp 41 Li dq hylghqfh H lv jhqhudwhg iroorzlqj wkh glvwulexwlrq G[ dqg d
wkhru| W wkhq

olpfdug+H,$ 4

j� $GF+W , @ � $GF+W ,

Surri1 E| Gh�qlwlrq 9/ zh kdyh wkdw j� $GF+W , @
� $GH�$� +H, 1 Khqfh/

olpfdug+H,$ 4

j� $GF+W , @ olpfdug+H,$ 4

� $GH
�$� +H, @ olpfdug+H,$ 4

� $GH
olpfdug+H,$ 4

�$� +H,
Qrz/ e| Ohppd 4/ olpfdug+H,$ 4

� $GH @ � � � $GF>[+W ,1 Wkhuhiruh/
olpfdug+H,$ 4

� $GH
olpfdug+H,$ 4

�$� +H, @
� � � $GF>[+W ,

olpfdug+H,$ 4
�$� +H,

dqg e| Gh�qlwlrqv 5 dqg 8
� � � $GF>[+W ,

olpfdug+H,$ 4
�$� +H, @

kS
{ 5[ f l +K , G[ +{ ,

l
l@4==q

olp f dug+H ,$4
kS

{ 5H G[ +{ , f dug+H ,
f dugf l +H ,

l
l@4==q

<



Rq wkh rwkhu kdqg/ lw krogv wkdw
olp

f dug+H ,$4 f dug+H, @N � f dug+[ F +W,,

olp
f dug+H ,$4 f dugf l +H, @N � f dug+[ f l +W,,

zkhuh N lv d frqvwdqw1 Ilqdoo|/kS
{ 5[ f l +K , G[ +{ ,

l
l@4==q

olp f dug+H ,$4
kS

{ 5H G[ +{ , f dug+H ,
f dugf l +H ,

l
l@4==q

@

kS
{ 5[ f l +K , G[ +{ ,

l
l@4==qkS

{ 5[ f l +W, G[ +{ , 9N �f dug+[ F +W,
9N �f dug+[ f l +W,

l
l@4==q

@
� $
GF +W,

�

8 Wkh Ixqfwlrq xEK� dv d Jhqhudolvdwlrq ri jEK�

Zh kdyh lqwurgxfhg wkh suhylrxv phdvxuhv lq rughu wr jhqhudolvh wkh uhvxowv
ri ohduqlqj iurp rqo| srvlwlyh gdwd wr dq| sursruwlrq ri lqvwdqfhv ri hdfk ri
wkh fodvvhv1 Qrz zh zloo vkrz wkdw wklv h{whqvlrq lv frkhuhqw zlwk wkh uhvxowv
zklfk duh rewdlqhg iru rqh fodvv1 Zh zloo dovr hvwdeolvk wkh htxlydohqfh ehwzhhq
Errohdq sureohpv zlwk rqh fodvv dqg wkh vdph sureohp suhvhqwhg zlwk wzr
fodvvhv +idovh dqg wuxh,1 Lq prvw sureohpv ri ohduqlqj iurp rqo| srvlwlyh gdwd/ wkh
sursruwlrq ri srvvleoh frqvwuxfwdeoh srvlwlyh h{dpsohv ryhu qhjdwlyh h{dpsohv lv
vpdoo1 Iru lqvwdqfh/ lq qdwxudo odqjxdjhv/ wkhuh duh pdq| pruh frpelqdwlrqv ri
fkdudfwhuv wkdw phdq qrwklqj +ru duh lqfruuhfw, wkdq wkhuh duh zhoo0iruphg rqhv1
Pruhryhu/ dv dq| sureohp iurp rqo| srvlwlyh gdwd/ wkh jhqhudo +hyhu|wklqj lv
ydolg, k|srwkhvlv lv vxjjhvwhg e| wkh gdwd dqg rqh pxvw cfruuhfw* wkh k|srwkhvlv
wrzdugv pruh vshfl�f rqhv1 Li zh frqvlghu wzr fodvvhv +srvlwlyh dqg qhjdwlyh, lw
krogv wkdw wkh clghdo* yhfwru wr frqvlghu lv � $

GF +W, @+3>4, / iru wkh suhylrxv wzr
uhdvrqv1 Wklv lv � qdoo| z kdwlv lp solf lwlq p dq| z r unv r i ohduqlqj iur p sr vlwlyh
gdwd r qo| 4̂; `1

Wkhruhp 51 J lyhq d ohduqlqj sur eohp D z lwk r qo| r qh f odvv f4 dqg d sduwldo
k| sr wkhvlv Kd dqg d vhf r qg sur eohp E z lwk wz r f odvvhv f4 dqg f5 z khuh wkhuh
h{ lvwv d wr wdok| sr wkhvlv Ke vxf k wkdw=

;{ 5 [
�

l i { @Kd f4 wkhq { @Ke f4
r wkhuz lvh{ @Ke f5

Li z h f r qvlghu wkh r swlp doyhf wr u ir u sr vlwlyh hylghqfh �$GF+W , @ +3> 4,/ l1h1/
wkhuh duh lq� qlwho| p r uh qhj dwlyh fdvhv wkdq sr vlwlyh r qhv/ wkhq

j+Kd, @ x+Ke,
dqg wklv kr ogv ir u dq| glvwulexwlr q r i h{dp sohv r i wkh k| sr wkhvlv1
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Surr i1 Fr qvlghud k| sr wkhvlvKd z lwk d glvwulexwlr q r i h{ dp sohvvxf k wkdwGH @
+4@d> +d� 4,@d, z khuh 4@d f r uuhvsr qgv wr f odvv f41Fr qvht xhqwo| / j+Kd, @ 4@d1
Rq wkh r wkhu kdqg/ iur p wkh gh� qlwlr q r i x+K, z h kdyh=

x+Ke, @ wdq�
4 . wdq�

[
l@3==5

+GF+Ke,,l
zklfk lv htxdo wr=

x+Ke, @ wdq�
4 . wdq�

vlqfh Ke lv wrwdo1 Lw lv hdv| wr vkrz wkdw/ iurp wkh dqjoh ehwzhhq � $GF+W , @ +3> 4,
dqg GH @ +4@d> +d � 4,@d,/ lw iroorzv wkdw wdq� @ 4@+d � 4,1 Iurp khuh/

x+Ke, @
4

d�4
4 . 4

d�4
@ 4

d @ j+Kd,
�

Lw lv lpsruwdqw wr qrwh wkdw wkh suhylrxv wkhruhp vkrzv wkh htxlydohqfh ehwzhhq
frqvlghulqj wkh sureohp zlwk wzr fodvvhv dqg d wrwdo ixqfwlrq/ dqg frqvlghulqj
wkh sureohp zlwk rqh fodvv dqg d sduwldo ixqfwlrq lq wkh wudglwlrqdo QDI +Qhjd0
wlrq Dv Idloxuh, vhqvh1
H{dpsoh 91 Frqvlghu d frpsohwh k|srwkhvlv zlwk � $GF+K, @ +4@6> 5@6,1 Wkh dq0
joh zlwk � $GF+W , @ +3> 4, lv duffrv 5@6s 8@< @ duffrv 5@s 8 @ 3=7969 udg1 Iurp khuh
x+K, @ wdq3=7969

4.wdq3=7969 @ 3=8
4=8 @ 3=6666 zklfk pdwfkhv zlwk wkh fruuhvsrqglqj rqh0

fodvv sduwldo k|srwkhvlv j+Kd, @ 4@61
Krzhyhu/ ixqfwlrq x+K, lv qrw htxdo wr j+K, iru rqh fodvv/ vlqfh iru rqh fodvv/

dqjohv duh dozd|v 3/ dqg x+K, zloo dozd|v eh 31 Frqvhtxhqwo|/ li rqh lv jrlqj
wr frqvlghu sduwldo k|srwkhvlv/ lw lv ehwwhu wr dgg d �ghidxow fodvv� wr zklfk
xqfodvvl�hg h{dpsohv duh jrlqj wr eh dvvljqhg1
Fruroodu| 51 Frqvlghu d k|srwkhvlv K iru q fodvvhv zkhuh rqo| 5 ri wkhp +fl
dqg fm, iroorz wkdw Gl+K, . Gm+K, @ 4/ dqg wkh h{shfwhg yhfwru � $GF+W , lv ri
wkh irup +3> 3> � � � > 3> 4> 3> 3> � � � > 3, zkhuh Gm @ 41 Li zh frqvwuxfw d k|srwkhvlv K 3
vxfk wkdw=

;{ 5 [
� li { @K fl wkhq { @K3 fl
li { @K fm wkhq { @K3 fm

wkhq x+K, @ x+K 3,1
Wkh suhylrxv fruroodu| d!upv wkdw hpsw| fodvvhv fdq eh dgghg zlwkrxw di0

ihfwlqj wkh hydoxdwlrq phdvxuh1
Wkh dgydqwdjh lv wkdw zh fdq qrz frqvlghu dq| glvwulexwlrq ri srvlwlyh dqg

qhjdwlyh h{dpsohv/ hlwkhu lq wkh lqlwldo glvwulexwlrq G[ zklfk jhqhudwhv wkh h{0
dpsohv ru lq wkh h{shfwhg glvwulexwlrq ri fodvvhv ri wkh wkhru| zklfk kdv dvvljqhg
fodvvhv wr wkh h{dpsohv1
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9 Jhqhudo Fodvvl�fdwlrq Sureohpv dqg Qhjdwlyh Hylghqfh

Lq wkh fdvh ri fodvvl�fdwlrq sureohpv zlwk pruh wkdq wzr fodvvhv/ rxu dssurdfk
h{whqgv wkh irupxodwlrq ri Pxjjohwrq ^4;` vlqfh zh wdnh lqwr frqvlghudwlrq qrw
rqo| fodvvhv lq wkh irupxodh exw wkh suredelolw| glvwulexwlrq ri hyhu| fodvv1

Dovr/ zh kdyh vkrzq wkdw iru Errohdq sureohpv/ lw lv ehwwhu wr zrun zlwk wzr
fodvvhv/ wkdw lv/ zlwkrxw qhjdwlyh h{dpsohv1 Krzhyhu/ lq wkh fdvh ri pruh wkdq
wzr fodvvhv/ qhjdwlyh h{dpsohv duh ohvv xvhixo wkdq srvlwlyh rqhv1 Frqvlghu/ iru
lqvwdqfh/ d sureohp zklfk gh�qhv irxu fodvvhv if4> f5> f6> f7j1 D qhjdwlyh h{dpsoh
i+d, 9@ f6/ lv htxlydohqw wr i+d, @ f4 b i+d, @ f5 b i+d, @ f71 Wklv odvw irupxod
lv ohvv lqirupdwlyh wkdq i+d, @ f5/ iru lqvwdqfh1 Khqfh/ srvlwlyh h{dpsohv fduu|
pruh lqirupdwlrq wkdq qhjdwlyh h{dpsohv li q A 51 Wklv vlwxdwlrq lv h{wuhph
zkhq wkh qxpehu ri fodvvhv lv lq�qlwh1 Lq idfw/ lq wklv fdvh/ d qhjdwlyh h{dpsoh
dv vxp+6> 7, 9@ 9 kdv qr lqirupdwlrq/ vlqfh lw lv htxlydohqw wr

vxp+6> 7, @ 3 b vxp+6> 7, @ 4 b vxp+6> 7, @ 5 b vxp+6> 7, @ 6 = = =
Wkh IOLS v|vwhp lv deoh wr kdqgoh qhjdwlyh h{dpsohv/ dowkrxjk/ dv zh kdyh
vkrzq/ wkh| duh qrw qhfhvvdu| iru fodvvl�fdwlrq sureohpv1

: Lpsohphqwdwlrq dqg H{shulphqwv

Lq wkh suhylrxv vhfwlrqv zh kdyh vhhq d phwkrg iru frpsdulqj �$GF+W , zlwk�$GF+K,/ uhvxowlqj lq wkh h{whqvlrq ri wkh qrwlrq ri jhqhudolw|1 Zh kdyh dovr irxqg
dq hvwlpdwlrq iru�$GF+W , wkdw frqyhujhv lq wkh olplw1 Iru wklv hvwlpdwlrq/ zh pxvw
nqrz G[ / dv lq ^4;`1 Iru pdq| sureohpv ri srvlwlyh gdwd/ wklv glvwulexwlrq fdq
eh hvwlpdwhg1 Iru lqvwdqfh/ lq judppdu ohduqlqj/ rqh pd| vxssrvh wkdw zulwwhq
frusrud ru vsrnhq h{dpsohv duh frqvwlwxwhg e| prvwo| srvlwlyh h{dpsohv1 Lq
rwkhu zrugv/ li zh frqvlghu wzr fodvvhv iz> ej zkhuh z uhsuhvhqwv d zhoo0iruphg
vhqwhqfh dqg e d edgo|0iruphg vhqwhqfh/ wkhq zh fdq dvvxph Ge � 3 li zurqj
h{dpsohv duh qrw jlyhq1 Lq rwkhu fdvhv/ li wklv glvwulexwlrq lv qrw nqrzq/ zh zloo
dvvxph wkh xqlyhuvdo glvwulexwlrq1

Dqrwkhu txhvwlrq zlwk uhjdug wr lpsohphqwdwlrq lv wkh kdqgolqj ri }hur ydo0
xhv iru vrph fodvvhv1 Wklv fdq fdxvh glylvlrq e| }hur lq vrph ri wkh suhylrxv
gh�qlwlrqv1 Lq rughu wr vroyh wklv sureohp/ lw lv vx!flhqw wr uhgh�qh fdug3

f l+H, @fdugf l+H, . f1 Lq rwkhu zrugv/ f �fwlwlrxv h{dpsohv ri hdfk fodvv lv lqlwldoo|
dgghg/ lq rughu wr dyrlg }hur ydoxhv1 Wklv frqvwdqw f +3 � f � 4, vkrxog eh
dv vpdoo dv srvvleoh lq rughu wr suhvhuyh wkh fodvvhv suredelolwlhv1 Qrwh wkdw iru
wzr fodvvhv dqg f @ 4/ wklv fruuhvsrqgv wr wkh Odsodfh fruuhfwhg hvwlpdwh ri
j+K, @ +srvlwlyhH . 4,@+srvvleohH . 5, ^4;`1
H{dpsoh :1 Frqvlghu GH @ +433> 3, dqg wkdw G[ dvvljqv qlqh wlphv pruh sure0
delolw| wr srvlwlyh h{dpsohv wkdq wr qhjdwlyh rqhv/ l1h1 ���$GF >[ +W , @ +3=<> 3=4,1
Iurp khuh/ zh kdyh wkdw=
j�$GF +W , @

�$GH�$� +H, @
+434> 4,

+<3=<� 435
434 > 3=4�

435
4 ,

@ +434> 4,
+<4=;> 43=5, @ +4=4> 3=3<;,
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Wkh rwkhu txhvwlrq lv krz wr frpsxwh GF +K, ehfdxvh [ lv xvxdoo| lq�qlwh ru
yhu| odujh1 Lq wkhvh fdvhv/ dv lq ^4;`/ zh pxvw jhqhudwh h{dpsohv dffruglqj wr d
glvwulexwlrq/ lq rughu wr rewdlq GF >[ +K, dqg/ iurp khuh/ GF +K,1 Ilqdoo|/ iru dq
lq�qlwh qxpehu ri fodvvhv/ wkh yhfwruv duh ri lq�qlwh glphqvlrq1 Lq wkhvh fdvhv/
rqo| wkh �qlwh qxpehu ri fodvvhv zklfk dsshduhg lq wkh hylghqfh duh frqvlghuhg1

:14 Hylghqfh Jhqhudwruv
Lq wklv vxevhfwlrq/ zh glvfxvv krz wr jhqhudwh udqgrp vdpsohv lq rughu wr jhq0
hudwh hylghqfhv wkdw zloo shuplw xv wr hydoxdwh wkh k|srwkhvlv1

Wkh hdvlhvw fdvh lv zkhq wkhuh h{lvwv d olplwhg qxpehu ri fodvvhv lq wkh gr0
pdlq1 Wklv �uvw phwkrg surgxfhv h{dpsohv udqgrpo| iurp d jlyhq glvwulexwlrq
ixqfwlrq G[ zklfk fdq eh duelwudulo| vhohfwhg +ru jlyhq,1 Rqh sduwlfxodu lq0
vwdqfh ri wklv fdvh lv zkhq G[ lv wkh xqlyhuvdo glvwulexwlrq1 Hyhq li wkh qxpehu
ri fodvvhv q lv �qlwh/ d jhqhudwru fdq eh xvhixo ehfdxvh wklv qxpehu frxog eh
odujh dqg GF +K, fdq dovr eh dssur{lpdwhg1

Wkh vhfrqg fdvh lv zkhq wkhuh duh lq�qlwho| pdq| fodvvhv lq wkh grpdlq1 Lq
wklv fdvh/ G[ pxvw qhfhvvdulo| eh dssur{lpdwhg/ ehfdxvh wkh lq�qlwh srvlwlyh
lqsxwv wr wkh k|srwkhvlv fdqqrw doo eh hydoxdwhg1 Wklv vlwxdwlrq lv pruh frpprq
wkdq rqh pljkw h{shfw/ ehfdxvh dq| ixqfwlrq ryhu wkh qdwxudo/ lqwhjhu ru uhdo
qxpehuv kdv dq lq�qlwh qxpehu ri fodvvhv1 Dw �uvw jodqfh/ lw vhhpv wkdw zh fdqqrw
gh�qh d glvwulexwlrq wr jhqhudwh h{dpsohv iru whvwlqj wr zklfk fodvv wkh| ehorqj/
ehfdxvh suredelolwlhv/ li xqlirupo| glvwulexwhg/ zrxog whqg wr 31 Lq rughu wr vroyh
wklv sureohp/ zh xvh dq dssurdfk zklfk lv edvhg rq wkh xqlyhuvdo glvwulexwlrq=
G[ @ 5�N w+{ ,1 Vshfl�fdoo|/ zh zloo xvh Ohylq*v yduldqw ^44`1 Wklv yduldqw lv ghulyhg
iurp wkh qrwlrq ri �djh� ri d vwulqj/ zkhuh �djh lv grplqdwhg e| wkh wrwdo wlph
qhhghg iru d vwulqj wr dsshdu rxw ri qrwklqj/ hqxphudwhg e| d frqvwdqw0vl}h
surjudp�1 Wkh Ohylq yduldqw lv gh�qhg dv Nw+[, @ orj djh+{,1 Pruh irupdoo|=
Gh� qlwlr q : 1 Wkh Ohylq Ohqjwk0Wlph Frpsoh{lw| ri dq remhfw { jlyhq | rq d
ghvfulswlrqdo phfkdqlvp � lv=

Nw� +{m|, @ plqi OW� +sm|, = !� +ks> |l , @ {,j
zkhuh OW� +sm|, @ o+s, . orj �� +ks> |l , dqg !� +d, uhsuhvhqwv wkh rxwsxw jlyhq e|
!� rq lqsxw d1

Wkh whup | uhsuhvhqwv wkh edfnjurxqg nqrzohgjh dqg { uhsuhvhqwv wkh hyl0
ghqfh1 OW zhljkwv wkh ohqjwk ri wkh surjudp zlwk wkh orjdulwkp ri wkh whpsrudo
frvw � wkdw wkh surjudp wdnhv wr jhqhudwh wkh hylghqfh1

Iru wkh orjlfdo ixqfwlrqdo fdvh/ zh kdyh wkh dgglwlrqdo dgydqwdjh wkdw li
zh kdyh d frq xhqw surjudp/ hdfk whup wkdw zh fdq hyhu frqvwuxfw ryhu wkh
surjudp zloo kdyh rqo| d qrupdo irup1 Frqvhtxhqwo|/ zh vlpso| kdyh wr udqgrpo|
jhqhudwh okv ri htxdwlrqv exw qrw frpsohwh htxdwlrqv1 Iru lqvwdqfh/ frqvlghu wkh
vxp h{dpsoh1 Zh kdyh wkh vljqdwxuh 	 @ vxp>3> v1 Li zh frqvlghu w|shv/ wkh
vljqdwxuh lv glylghg lqwr �3 @ivxpi4>4jj dqg �4 @i3ij> vi4jj/ zkhuh vxelqgh{hv
uhsuhvhqw wkh qxpehu ri dujxphqwv ri hdfk ixqfwlrq v|pero dqg zklfk vljqdwxuh
wkh| duh iurp1 Lq wkh uhpdlqghu ri wkh sdshu/ e| w|sh zh ghqrwh d qdwxudo qxpehu
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dv wkh lqgh{ ri hdfk vxevljqdwxuh1 Zh ghqrwh wkh frqvwuxfwruv zlwk �f1 Lq wklv
fdvh/ � @i3> vj1 Zh ghqrwh wkh vhw ri wkhvh vxevljqdwxuhv +doo wkh �l dqg wkh �f,
e| �31

Wkh jhqhudwru fdq hdvlo| eh frqvwuxfwhg iurp wklv srlqw=
ixqfwlrq jhqhudwh+?/ j�,= |>

h=@ vhohfw zlwk sure1 �*S@o_Ej? � dq hohphqw iurp j? >
ohw 6=@ qxpehu ri dujxphqwv ri e>
iru �=@ 4 wr 6 gr ehjlq

ohw r� =@ w|sh ri wkh �wk dujxphqw ri e>
|�=@ jhqhudwh+r�/ j� ,>

hqgiru>
frqvwuxfw wkh whup |=@ e+|�/ |2/ 111 / |6,>
uhwxuq |>

hqgixqfwlrq>
Li h{ hf xwhg z lwk wkh f dooj hqhudwh+3>� �,/ wklv vlp soh doj r ulwkp j hqhudwhv j ur xqg
whup v wdf f r uglqj wr d j r r g dssur { lp dwlr q wr S+w, @ 5�o+w,1

I lqdoo| / f r qvlghu d ixqf wlr q qduur z v+w>S/ ydu=vwhsv>p d{ vwhsv>� f, = x wkdw
qduurz v d whup wz uw1d sur j udp S uhwxuqlqj lq x wkh qr up doir up r i wkh whup
+d whup z klf k lv gl� huhqwiur p wvxf k wkdwdoolwv ixqf wlr q v| p er ov duh lq � f,9

dqg vhwv vwhsv dv wkh qxp ehur i qduur z lqj vwhsv +lqf oxglqj idlohg eudqf khv, wkdw
z huh qhf hvvdu| ir u ghulylqj x1 Wklv ixqf wlr q uhwxuqv > li wkh whup wgr hv qr w
qduurz wr d qr up doir up r u li p d{ vwhsv duh xvhg1

I ur p khuh/ p sr vlwlyh h{ dp sohv f dq eh j hqhudwhg lq wkh ir oorz lqj z d| =

ixqfwlrq srvlwlyh+6/ � / 6@%r|eRr/ j� ,= vhw ri h{dpsohv>
ohw 7=@ �>
zkloh 6 �' f gr

|=@ jhqhudwh+3/ j�,>
�=@ qduurzv+|/ � / r|eRr/ 6@%r|eRr/ jS,>
li � �' � dqg WhpsFruuhfwlrq+r|eRr, wkhq

dgg t| ' �� wr 7> 6 G' 63 �>
hqgli>

hqgzkloh>
uhwxuq 7>

hqgixqfwlrq>
Whp sFr uuhf wlr q+vwhsv, lv d ixqf wlr q wkdwf r p sxwhv wkh ir oorz lqj f r uuhf wlr q wr
dssur { lp dwh ixqf wlr q N w=Whp sr udoF r uuhf wl r q+vwhsv, @+udqg � or j +vwhsv, , ?
4@5 z khuh udqg j lyhv d udqgr p ydoxh ehwz hhq 3 dqg 41

Lq vxp p du| / wkh suhylr xv dssur dfk j hqhudwhv h{ dp sohv df f r uglqj wr dq ds0
sur { lp dwlr q r i wkh xqlyhuvdoglvwulexwlr q S+{ , @5� Nw+{,1Wklv dssur df k lv gl0
uhf wo| dssolf deoh wr or j lf sur j udp v +wkh| duh vshf ldof dvhv r i f r qglwlr qdoixqf 0
wlr qdoor j lf sur j udp v, dqg hdvlo| dgdswdeoh wr r wkhuodqj xdj hv1Li Whp sr udoFr u0
uhf wlr q lv lj qr uhg/ lwj lyhv wkh glvwulexwlr q 5�o+w,/ z klf k lv dq dssur { lp dwlr q wr
9 Lq IOLS ^8` zh gr wklv e| frqvwuxfwlqj dq htxdwlrq | ' f zlwk f ehlqj d iuhvk
yduldeoh1 Wkh qrupdo irup lv jlyhq e| wkh vxevwlwxwlrq ri f1
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wkh xqlyhuvdo glvwulexwlr q S +{, @ 5�N+{, z lwk N+{, ehlqj wkh devr oxwh Nr o0
p r j r ury f r p soh{ lw| 1

I lqdoo| / e| xvlqj wkh j hqhudwr uv z h f dq dssur { lp dwhGF>[+K, e| j hqhudwlqj
n h{ dp sohv lqwr dq hylghqf hHn1Li G[ lv xqlir up / e| f r ur oodu| 4/ wkhq GnF+K, *
GnF>[+K, @ Hn z khq n lv oduj h1Lq j hqhudo/

GnF+K, @

5
999999997

GnF>[+K,5
97S% M .&

o�rE%� ' S�
G[+{ ,

6
:8
l@4==q

6
::::::::8

qrup

H{dpsoh ;1 Ohw xv uhfryhu h{dpsoh 71 Frqvlghu wkh iroorzlqj hylghqfh H iruphg
e| 433 h{dpsohv +n @ 433, dqg jhqhudwhg e| wkh xqlyhuvdo glvwulexwlrq 5�o+{,=

H{ dp soh Sur edelolw| Qxp ehu r i K 5 @ p r g6
p r g+3, 3=8 85 Wuxh
p r g+4, 3=58 59 I dovh
p r g+5, 3=458 45 I dovh
p r g+6, 3=3958 9 Wuxh
p r g+7, 3=3645 6 I dovh
p r g+8, 3=348 4 I dovh

Zh kdyh

GnF+K , @

5
999999997

GnF>[+K ,5
97S % M.&

o�rE%� ' S�
G[ +{,

6
:8

l@4==q

6
::::::::8

q r up

@
� +8;> 75,
+59=6;> ;=43<,

�q r up

@

^+5=4<<> 8=4;,`q r up @ +3=5<;> 3=:35, * +3=66> 3=99,
Zlwk doo wklv/ zh fdq uhwdnh wkh hqwluh gh�qlwlrq ri wkh suredelolw| S +KmH,=
Gh�qlwlrq ;1 Wkh rswlpdolw| ri d k|srwkhvlv lv

Rsw+K, @ oq s+KmH, � gp @ p oq+ 4
x+K,, � v}+K,

Dsduw iurp ehlqj xvhixo iru dssur{lpdwlqjGF>[+K, dqgGF+K,/ wkh jhqhudwruv/
duh xvhixo iru jhqhudwlqj vhwv ri hylghqfh dqg hvvd|lqj wkh urexvwqhvv ri ohduqlqj
v|vwhpv1 Krzhyhu/ zh gr qrw ghdo zlwk wklv txhvwlrq lq wklv sdshu1
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:15 H{shulphqwv
Ohw xv suhvhqw dq h{dpsoh wkdw looxvwudwhv wkh xvh ri wkh dssur{lpdwlrqv1 Wklv
h{dpsoh kdv ehhq lpsohphqwhg lq wkh IOLS v|vwhp dqg ghvfulehv d fdvh zkhuh
G[ lv nqrzq +d xqlirup glvwulexwlrq,1
H{dpsoh <1 Frqvlghu Wdeoh 4 zklfk uhsuhvhqwv dq hylghqfh ri vl}h 433 edvhg rq
d xqlirup G[ ri d vlpsol�hg gdwdedvh iru �wwlqj frqwdfw ohqvhv zklfk ruljlqdoo|
dsshduhg lq ^6`1 :

. +e} ,@r r � r | � } 6 @| �r 6 Ae@o � oJ_� S| �J? SJ?|@S|
� oerSo�R| �J? - @|e ,e?r er H{dpsohv

p|rsld qr uhgxfhg qr 46
p|rsld qr qrupdo vriw 48
p|rsld |hv uhgxfhg qr 44
p|rsld |hv qrupdo kdug 44

k|shuphwursld qr uhgxfhg qr 46
k|shuphwursld qr qrupdo vriw 45
k|shuphwursld |hv uhgxfhg qr 47
k|shuphwursld |hv qrupdo kdug 44

Wdeoh 41 Gdwdedvhv iru �wwlqj frqwdfw ohqvhv

Wklv gdwdedvh f dq eh lqwhusuhwhg dv d sur eohp wkdwghwhup lqhv z khwkhu wkh
sdwlhqwqhhgv wr xvh f r qwdf wohqvhv/ dqg li wklv lv wkh f dvh/ z kdww| sh r i ohqvhv
v2kh p xvwxvh1Wkhuhir uh/ wklv f dvh lv d f odvvl� f dwlr q sur eohp z lwk wkuhh wduj hw
f odvvhv=F @iqr> vriw> kdugj z lwk �$GF @+4@5>4@7>4@7,1

Z lwk r xu p hwkr g z h f dq dssur { lp dwh j��$GF4+W , dv=

j�$GF+W , @
�$GH�$�H @+3=84>3=5: >3>55,

Fr qvlghu wkhvh sr vvleoh k| sr wkhvhv z lwk wkhlu uhvshf wlyhGF dqg wkh dqj oh wkh|

ir up z lwk j�$GF+W ,1

K4 @
� ohqv+[>\> u, @qr GF @ 3̂=8>3>3` �4 @3=8<< udg

K5 @
� ohqv+[>\> u, @qr
ohqv+[>\> q, @vriw GF @ 3̂=8>3=8>3` �5 @3=797 udg

K6 @
� ohqv+[>\> u, @qr
ohqv+[>qr> q, @vriw GF @ 3̂=8>3=58>3` �6 @3=698 udg

K7 @

;?
=

ohqv+[>\> u, @qr
ohqv+[>qr> q, @vriw
ohqv+[> |hv> q, @kdug

GF @ 3̂=8>3=58>3=58` �6 @3=4: 7 udg

: Wkh vlpsol�fdwlrq frqvlvwv lq dvvxplqj wkdw d irxuwk dwwulexwh +djh, lv dozd|v +J�?}1
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Dv h{shfwhg/ wkh dqjoh zlwk uhvshfw wr j� $GF+W , jhwv orzhu dqg orzhu dv wkh k|srwk0
hvlv ehfrphv pruh dffxudwh1 Pruhryhu/ wkh fruuhvsrqglqj x+K, dqg rswlpdolwlhv
duh=

M� G , ' ec � ' |@?f�Dbb
�n|@?f�Dbb f f�D ' f�2f2Hc �R| ' �ff,?E •

f �2f 2H�3 e ' �DD�DD
M2 G , ' Hc � ' f�����f � ' f����c �R| ' �ff,?E •

f �� � � � �3 H ' �f��HS
M� G , ' Hc � ' f�2.S f f�.D ' f�2f.c �R| ' �ff,?E •

f �2f . �3 H ' �eb�e
Me G , ' �2c � ' f��Df � ' f��Dc �R| ' �ff,?E •

f �• D�3 �2 ' �..�.�
Wklv dqg rwkhu h{shulphqwv fdq eh irxqg lq wkh IOLS v|vwhp zhe sdjh=

kwws=22zzz1gvl f 1xsy1hv2� mr udoor 2i ol s2 1

; Frqfoxvlrqv

Wklv sdshu kdv frqyhuwhg wkh qrwlrq ri k|srwkhvlv jhqhudolw| lqwr d qhz qrwlrq
ri fodvv xqhyhqqhvv1 Wklv qhz ylhz ri wkh sureohp sodfhv wkh ohduqlqj ri Errohdq
ixqfwlrqv dv d vshfldo fdvh= zkhq wkh qxpehu ri fodvvhv htxdov 5 dqg zkhuh dq|
sursruwlrq ri h{dpsohv ri fodvv wuxh dqg fodvv idovh fdq eh xvhg1

Pruhryhu/ lw fodul�hv wkh sureohp zkhq vsduvh ru qrq0xqlirup hylghqfh lv
jlyhq iru rqh fodvv1 Frqvlghu/ iru lqvwdqfh/ wkh ohqv h{dpsoh lq d sxuho| orjlfdo
zd|/ dv d suhglfdwh ohqv+[>\> ]>F, zkhuh F lv wkh dujxphqw wkdw uhsuhvhqwv wkh
fodvvhv wr eh suhglfwhg +xvxdoo| grqh e| d prgh ghfodudwlrq lq LOS v|vwhpv,1
Wkh ohduqdelolw| ri wkh sureohp dqg wkh hydoxdwlrq ri k|srwkhvhv gr qrw rqo|
ghshqg rq wkh qxpehu ri srvlwlyh ru qhjdwlyh h{dpsohv/ exw dovr ghshqgv rq wkh
sursruwlrq ri fodvvhv lq wkh hylghqfh/ k|srwkhvlv dqg wkhru|1

Lq frqfoxvlrq/ wkh dssurdfk suhvhqwhg lq wklv sdshu qhjohfwv wkh xvh ri qhjd0
wlyh hylghqfh dqg vxssruwv wkh frqyhuvlrq ri Errohdq sureohpv lqwr fodvvl�fdwlrq
sureohpv1 Dowkrxjk wkhuh lv lpsruwdqw olwhudwxuh rq kdqgolqj fodvv glvwulexwlrq/
lw grhv qrw ghdo zlwk xqlyhuvdo uhsuhvhqwdwlrq odqjxdjhv/ vxfk dv ixqfwlrqdo orjlf
surjudpplqj1 Lq wklv uhjdug/ wkh LIOS iudphzrun lv wkh prvw qdwxudo vwhs iru
kdqgolqj fodvvhv iurp wkh LOS srlqw ri ylhz1

Lq wkh suhvhqfh ri qrlvh/ rxu zrun frxog eh h{whqghg iroorzlqj wkh prgho
suhvhqwhg lq ^46`1

Dfnqrzohgjphqwv

Zh zrxog olnh wr wkdqn Vwhskhq Pxjjohwrq iru vxjjhvwlqj wkh lpsolfdwlrqv dqg
qdwxudoqhvv ri LIOS iru fodvvl�fdwlrq sureohpv1 Zh dovr wkdqn wkh dqrq|prxv
uhylhzhuv iru wkhlu xvhixo frpphqwv1

Uhihuhqfhv

41 K1 Dulpxud dqg W1 Vklqrkdud1 Lqgxfwlyh lqihuhqfh ri surorj surjudpv zlwk olqhdu
gdwd ghshqghqf| iurp srvlwlyh gdwd1 Lq W1 Nlwdkdvkl K1 Mddnnrod/ K1 Ndqjdvvdor
dqg D1 Pdunxv/ hglwruv/ Surf1 Lqirupdwlrq Prghoolqj dqg Nqrzohgjh Edvhv Y/
sdjhv 698�6:81 LRV Suhvv/ 4<<71

4:



51 I1 Eddghu dqg W1 Qlsnrz1 Whup Uhzulwlqj dqg Doo Wkdw1 Fdpeulgjh Xqlyhuvlw|
Suhvv/ 4<<;1

61 M1 Fhqgurzvnd1 SULVP= Dq dojrulwkp iru lqgxflqj prgxodu uxohv1 Lqwhuqdwlrqdo
Mrxuqdo ri Pdq0Pdfklqhv Vwxglhv/ 5:=67<�6:3/ 4<;:1

71 K1 Hkulj dqg E1 Pdku1 Ixqgdphqwdov ri Dojheudlf Vshfl�fdwlrq/ yroxph 9 ri
HDWFV Prqrjudskv rq Wkhruhwlfdo Frpsxwhu Vflhqfh1 Vsulqjhu0Yhuodj/ 4<;81

81 F1 Ihuul/ M1 Khuqäqgh}/ dqg P1M1 Udpðuh}1 Wkh  ls v|vwhp= Iurp wkhru| wr lpsoh0
phqwdwlrq1 vxeplwwhg wr Pdfklqh Ohduqlqj/ 53331

91 H1P1 Jrog1 Odqjxdjh lqghqwl�fdwlrq lq wkh olplw1 Lqirupdwlrq dqg Frqwuro/ 43=77:�
7:7/ 4<9:1

:1 P1 Kdqxv1 Wkh Lqwhjudwlrq ri Ixqfwlrqv lqwr Orjlf Surjudpplqj= Iurp Wkhru|
wr Sudfwlfh1 Mrxuqdo ri Orjlf Surjudpplqj/ 4<053=8;6�95;/ 4<<71

;1 M1 Khuqäqgh} dqg P1M1 Udpðuh}1 Lqyhuvh Qduurzlqj iru wkh Lqgxfwlrq ri Ixqfwlrqdo
Orjlf Surjudpv1 Lq Surf1 Mrlqw Frqihuhqfh rq Ghfodudwlyh Surjudpplqj/ DSSLD0
JXOS0SURGH*<;/ sdjhv 6:<�6<6/ 4<<;1

<1 M1 Khuqäqgh} dqg P1M1 Udpðuh}1 D Vwurqj Frpsohwh Vfkhpd iru Lqgxfwlyh Ixqf0
wlrqdo Orjlf Surjudpplqj1 Lq Surf1 ri wkh Qlqwk Lqwhuqdwlrqdo Zrunvkrs rq Lq0
gxfwlyh Orjlf Surjudpplqj/ LOS*<</ yroxph 4967 ri Ohfwxuh Qrwhv lq Duwl�fldo
Lqwhooljhqfh/ sdjhv 449�45:/ 4<<<1

431 W1 Nrvkled/ H1 Pçnlqhq/ dqg \1 Wdndgd1 Ohduqlqj ghwhuplqlvwlf hyhq olqhdu odq0
jxdjhv iurp srvlwlyh h{dpsohv1 Wkhruhwlfdo Frpsxwhu Vflhqfh/ 4;8=96�:</ 4<<:1

441 O1D1 Ohylq1 Xqlyhuvdo vhdufk sureohpv1 Surev1 Lqirup1 Wudqvp1/ <=598�599/ 4<:61
451 P1 Ol dqg S1 Ylwdq|l1 Dq Lqwurgxfwlrq wr Nroprjrury Frpsoh{lw| dqg lwv Dssolfd0

wlrqv1 5qg Hg1 Vsulqjhu0Yhuodj/ 4<<:1
461 H1 PfFuhdwk dqg D1 Vkdupd LOS zlwk Qrlvh dqg Il{hg H{dpsoh Vl}h= D Ed|hvldq

Dssurdfk 48wk Lqwo1 Mrlqw Frqihuhqfh rq Duwl�fldo Lqwhooljhqfh/ ss1 464304648/ 4<<:1
471 H1 Pduwlq dqg D1 Vkdupd1 Rq vx!flhqw frqglwlrqv iru ohduqdelolw| ri orjlf sur0

judpv iurp srvlwlyh gdwd1 Lq V1 G}hurvnl dqg S1 Iodfk/ hglwruv/ Surf1 ri wkh <wk
Lqwhuqdwlrqdo Zrunvkrs rq Lqgxfwlyh Orjlf Surjudpplqj/ LOS*<;/ yroxph 4967 ri
Ohfwxuh Qrwhv lq Duwl�fldo Lqwhooljhqfh/ sdjhv 4<;�53<1 Vsulqjhu0Yhuodj/ 4<<<1

481 V1 Pxjjohwrq1 Lqgxfwlyh Orjlf Surjudpplqj1 Qhz Jhqhudwlrq Frpsxwlqj/
;+7,=5<8�64;/ 4<<41

491 V1 Pxjjohwrq1 Suhglfdwh lqyhqwlrq dqg xwlolvdwlrq1 Mrxuqdo ri H{shulphqwdo dqg
Wkhruhwlfdo Duwl�fldo Lqwhooljhqfh/ 9+4,=45:�463/ 4<<71

4:1 V1 Pxjjohwrq1 Lqyhuvh hqwdlophqw dqg surjro1 Qhz Jhqhudwlrq Frpsxwlqj Mrxuqdo/
46=578�5;9/ 4<<81

4;1 V1 Pxjjohwrq1 Ohduqlqj iurp srvlwlyh gdwd1 Pdfklqh Ohduqlqj +dffhswhg vxemhfw wr
uhylvlrq,/ 4<<<1

4<1 P1 Nulvkqd Udr1 D iudphzrun iru lqfuhphqwdo ohduqlqj ri orjlf surjudpv1 Wkhr0
uhwlfdo Frpsxwhu Vflhqfh/ 4;8=4<4�546/ 4<<:1

531 W1 Vklqrkdud1 Lqgxfwlyh lqihuhqfh ri prqrwrqlf irupdo v|vwhpv iurp srvlwlyh gdwd1
Qhz Jhqhudwlrq Frpsxwlqj/ ;=6:4�6;7/ 4<<41

4;


